Abstract. We discuss the existence of an uncountable strongly chaotic set of a continuous self-map on a compact metric space. It is proved that if a continuous self-map on a compact metric space has a regular shift invariant set then it has an uncountable strongly chaotic set in which each point is recurrent, but is not almost periodic.
1. Introduction. Throughout this paper, X will denote a compact metric space with metric d, and I is the closed interval [0, 1] .
For a continuous map f : X → X, we will denote the set of almost periodic points and of recurrent points of f by A(f ) and R(f ) respectively, with the usual definitions; f n will denote the n-fold iterate of f .
For x, y in X, any real number t and positive integer n, let
where we use #(·) to denote the cardinality of a set. Let For a continuous map f : I → I, Schweizer and Smítal [8] have proved:
(C 1 ) If f has zero topological entropy, then no pair of points can form a strongly chaotic set.
(C 2 ) If f has positive entropy, then there exists an uncountable strongly chaotic set in which each member is an ω-limit point of f .
One may pose the following questions:
(Q 1 ) Is (C 1 ) still true for a continuous map of any compact metric space X?
(Q 2 ) Is there an uncountable strongly chaotic set in which each member is a recurrent point of f on compact metric spaces?
A negative answer to (Q 1 ) has been given in [6] , where a minimal strongly chaotic sub-shift having zero topological entropy was constructed.
In this paper, a positive answer to (Q 2 ) is given. In fact, we will prove Main Theorem. Let f : X → X be continuous. If f has a regular shift invariant set, then it has an uncountable strongly chaotic set in which each point is recurrent, but is not almost periodic.
Basic definitions and preparations. Let
It is not difficult to check that is a metric on Σ. The space (Σ, ) is compact and called the one-sided symbolic space on two symbols.
Define For an arbitrary tuple
Then the collection ∞ n=1 B n is a subalgebra which generates the σ-algebra of Borel subsets of Σ. Let h : X → Σ be a continuous map. We use I [B] to denote h −1 [B] for any [B] ∈ B n . Definition 2.1. Let f : X → X be continuous. A compact set Λ ⊂ X is said to be a regular shift invariant set for f if:
If µ is a unique member of M (X, f ), it must be ergodic [9] ; we then say that f is uniquely ergodic.
Lemma 2.1 (see [12] 
Lemma 2.2 (see [10] or [11] ). There exists an uncountable set T on the one-sided symbolic space satisfying
i.e. x is a periodic point, which contradicts x ∈ R(σ) − A(σ). Since µ is an invariant probability measure for σ| R(σ)−A(σ) and the set of simple points on (Σ, ) is closed, we have {x} ∈ B(Σ) and
By the countable additivity of µ, we get µ({x}) = 0. 
Lemma 2.5 (see [7] ). Let f : X → X be continuous, x, y ∈ X, N > 0.
Proof of the main theorem. By the hypothesis, f has a regular shift invariant set, denoted by Λ. Thus there is a continuous surjection h :
Λ → Σ such that for any x ∈ Λ, h • f (x) = σ • h(x).
According to Lemma 2.2, there is an uncountable set T ⊂ R(σ) − A(σ)
which is strongly chaotic and σ| T has the only ergodic measure µ. Set, for simplicity, g = f | Λ . For any y ∈ T , by Lemma 2.1 there exists x ∈ R(g) − A(g) such that h(x) = y. Let
D = {x | x ∈ R(g) − A(g), h(x) = y and y ∈ T }.
Then D ⊂ Λ and D is an uncountable set. To complete the proof, it suffices to show that D is a strongly chaotic set for f .
For any distinct x 1 , x 2 ∈ D, there exist y 1 , y 2 ∈ T such that h(x i ) = y i for i = 1, 2. Since y 1 and y 2 are in a strongly chaotic set for σ, there exists s > 0 and a sequence n k → ∞ such that 1 
and therefore, for each k we have y 1 , y 2 , s) .
and hence
We now prove F * (g, x 1 , x 2 , t) = 1 for any t > 0. By the hypothesis, we can choose M > 0 such that 
Set, for simplicity,
Noting that
according to (3.4), we have
Thus from (3.3), (3.5) , and (3.6) we can choose N large enough such that for n j > N ,
On the one hand, by the definition of θ n j ,
t).
On the other hand, because of the choice of k, there exist at most
However, by the choice of M , we know that
, which is contradictory. By (3.8), we have
Combining this with (3.7), we see that for n j > N ,
By (3.2), (3.9) and the arbitrariness of x 1 and x 2 , we conclude that D is an uncountable strongly chaotic set of g.
Thus, we have proved that f has an uncountable strongly chaotic set D in R(f ) − A(f ).
Examples
Example 4.1. Let f ∈ C 0 (I). If f has a positive topological entropy, then there exists an N > 0 such that f N has a regular shift invariant set ( [1] ). From the theorem, we deduce that f N has an uncountable strongly chaotic set in which each point is recurrent, but is not almost periodic. The same holds for f , since for any positive integer n, f displays strong chaos if and only if f n does (Lemma 2.5). It is easy to see that f is continuous.
Let h : Σ × S 1 → Σ be defined by h(x, t) = x. We see that h satisfies (2)(a) of Definition 2.1, but not (2)(b). Indeed, we do not know if an h satisfying both (2)(a) and (2)(b) exists or not. Also we do not know if f displays strong chaos or not, since our theorem cannot be used.
